The heterogeneous autoregressive (HAR) 
INTRODUCTION
Integrated volatility estimation based on high frequency data is one of the famous model-free measures of latent volatility, which normally cannot be directly observed from the raw daily financial data. The usage of high frequency daily data (Cervello et al. 2015; Cheong et al. 2016a Cheong et al. , 2016b Degiannakis & Floros 2013; Inkaya & Oku 2014; Wang et al. 2015; Zu & Obswijk 2014) provides volatility estimates that have direct impact to the accuracy of portfolio investment and risk management. From the academician point of view, the presence of predictable volatility gives additional information in the efficiency market hypothesis analysis. One of the early high frequency data analyses in financial market was introduced by Andersen and Bollerslev (1998) . They approximate the high frequency realized volatility (RV) to latent volatility which is related to the theory of quadratic variation and integrated variance. Consider a stochastic volatility process for logarithmic prices of a financial asset, dp ( 
t) = μ(t)dt + σ(t) dw(t), where μ(t), σ(t) and W(t)
are the drift, volatility and standard Brownian motion, respectively. The μ(t) and σ(t) may be time-varying but are assumed to be independent of dW(t). Alternately, p t = p 0 + The quadratic variation process for a sequence of partitions when m approaches ∞ is equivalent to the integrated variance (p τ i+1 -p τ p ) 2 = (t) dt. In other words, the quadratic variation and hence the integrated variance can be consistently estimated by the sum of squares returns.
In most of the finance applications, the continuously compounded intraday returns of day T with sampling frequency N can be written as τ t,j = 100 (ln P t,j -ln P t,j -1 ), with j = 1, …, N and t = 1, …, T. Thus, a full trading day for S&P500 with six and a half hours consists of 78 5 min data. Andersen and Bollerslev (1998) aggregated the squared intraday returns and forms the realized volatility (RV),
As the sampling frequency of intraday returns approaches infinity, the RV converges uniformly in probability (Barndorff-Nielsen & Shephard 2002) to It is noted that in the presence of abrupt jumps in the series, the RV is no longer consistent estimate for integrated variance. Thus, a more robust estimator which immunes to jump is needed to overcome this inconsistency issue. In order to capture high volatile financial markets with possible jumps, a general realized multipower (p) variation estimator (Barndorff-Nielsen & Shephard 2002) for latent volatility of the corresponding integrated power of the volatility is proposed as,
where n and p are positive integers with the relationship n > p/2 with a finite sample correction of The term i normally sets the window size of return blocks and p indicates the desired power variation. (2006) claimed that each term of the MPV delivers an unbiased estimate for the power of volatility. The power of the estimator can be altered by using specific values of n and p, for example when n=1 and p=2, the estimator is referring to realized volatility proposed by Andersen et al. (2001) The heterogeneous autoregressive (HAR) model (Corsi 2009; Corsi et al. 2008 ) is one of the famous high frequency models in finance applications. The HAR model specification is based on the concept of heterogeneous market hypothesis (Dacorogna et al. 2001; Muller et al. 1993) . This hypothesis complements the traditional efficient market hypothesis (Fama 1998; Malkiel 2003) which assumes that the market participants are homogeneous in terms of market information and their ways of reacting to new market news. However, in the real situations, market participants interpreted the same market information differently according to their trading preferences and opportunities. In a more general way, their investment periods (Figure 1 ) can be categorized as short, medium and long where each of these different time horizon trading activities will create a unique volatility under the fluctuating price movements. These cascading volatilities are believed to generate long memory volatility in financial markets. Another popular counterpart namely the fractionally integrated (Andersen et al. 2006 ) ARMA models are not included in this study due to its finance interpretation issue.
In this present study, a HARX model is extended to accommodate for asymmetry volatility clustering as well as asymmetric relation between RV and volatility of RV. Besides the commonly used RV, we also include other alternative RVs which are robust to jumps such as bipower, tripower and quadpower variation volatility in the HAR models. In addition, the RV's errors are considered as leptokurtic and asymmetrically distributed which follow a skewed student-t distribution. The extended new model framework is named as HARX (MPV)-GJR-GARCH skewed-t model and is applied on the S&P 500 index. As a comparison with the original models, the new model specification provides better in-sample as well as out-ofsample forecast evaluations. Therefore, the higher power jump-robust volatilities should be taken into account in the volatility model specification. To complete this study, we illustrate a one-day-ahead value-at-risk determination using the forecasted results.
The remaining of this manuscript is organized as follows: Next, we provides the description of multipower variation of volatility estimators, ARFIMA and HAR models; After that, we discusses the empirical data and results and finally, we concludes the findings of the study.
METHODS THE HARX (MPV)-GJR-GARCH SKEWED-T MODEL
The basic HAR model proposed by Corsi (2009) constructed an additive hierarchical structure of various frequency realized volatilities according to daily, weekly and monthly Heterogeneous market volatility FIGURE 1. Structure of heterogeneous market's volatility volatility. In this study, we extended the HAR by including various power realized volatility under the specification of Barndorff-Nielsen and Shephard (2004) . In addition, the innovations of the realized volatility are assumed to be leptokurtically and asymmetrically following a skewed student-t distribution. Specifically, the HARX(MPV)-GJR-GARCH(1,1)-skewed-t model can be written as: (2) where MPV represents the type of realized volatility with and The term α 2 , captures the asymmetric behavior of realized volatility and I t (.) is an identity function. For instance, when α 2 > 0, negative (positive) news contribute to greater (smaller) magnitude of MPV. The GJR threshold (Glosten et al. 1993 ) specification is originally meant for capturing leverage effect in finance under the conditional mean and conditional volatility modelling. However, in this study, this specification is to explore the relationship between various realized volatility and its volatility. Next, the X indicates whether the risk-premium (risk-return tradeoff) exists in the studied time series. The returns are expected to be positively correlated to the intensity of market volatility or risk. In other words, higher risk asset should offered higher returns in order investor to hold it.
For leptokurtic and asymmetrically distributed error series (Lambert & Laurent 2001) , ε i,t ⎪Ω t-1~s kew -t(0,1; v, k) , the density function is (3) with v and k are the tail and asymmetry parameters, respectively, where s = and m = Overall, the vector parameters to be
Using the Ox-G@RCH, the estimations are conducted using the simulated annealing maximum likelihood (MaxSA) due to possibility of more than one local extrema which are also may not be smoothen.
The out-of-sample forecast evaluations are based on a rolling fixed sample size of T=1246 for h = 1, 2, …, H where H is fixed as 100. The various one-day-ahead logarithmic realized volatility forecasts are computed as follows: (4) where and ln
. Thus, the vector
, k
) is re-estimated every day for t = h, h+1, …, h+T-1 days. For out-of-sample forecast evaluations, four measurements namely the mean squared error (MSE = ) and its corresponding heteroscedasticity adjusted statistic HMSE (HMSE = ), mean absolute error (MAE = ) and its corresponding HMAE (HMAE = ) are selected for this study.
For HMSE and HMAE, both are able to accommodate the heteroscedasticity (Bollerslev & Ghysels 1996) in the forecast errors. In this study, we focus on these four basic measurements which based directly on the deviation between forecasts and realizations. The robustness of the forecast evaluations is based on the definition by Patton (2011) where the model ranking should be consistent no matter what types of proxies are being used in the forecast evaluations.
EMPIRICAL STUDY FOR S&P 500
The S&P 500 index which serves as a barometer for U.S. economic has been selected for this study. Due to the high speculated market conditions during the sub-prime mortgage crisis, this index provides a good testbed for high volatile market analysis. Table 1 shows a quick glance on the descriptive statistics of all the logarithm power realized volatilities.
All the kurtosis and skewness are deviated from three and greater than zero, which indicates that the presence of non-gaussianity properties in all the series. Graphically, the non-gaussianity can also be observed from their density plots in Figure 3 with slightly skewed to right especially for BV, TV and QV. Under the null hypothesis of a normal distribution, the Jacque-Bera statistics rejected all the series at the 5% significance level. Using the quantilequantile plots with normal distribution versus logarithmic series, the positive skewness is indicated in all series. To summarize, the multipower variation volatility series have slightly higher peak (leptokurtic) and positively skewed when comparing to a normal distribution. Thus, one should include these distribution behaviors in the model specifications for in-sample and out-of-sample analyses. Tables 2 and 3 reports the overall 8 HAR-GJR-GARCH normal and HAR-GARCH(GJR) skewed-t models under the 4 multipower variation volatility representations.
IN-SAMPLE FORECAST EVALUATIONS
Due to the leptokurtic and positive skewed volatility, the constructions of normal distributed models are for the purpose of comparisons. The in-sample forecasts of HAR-GJR-GARCH skewed-t models shows that the heterogeneous autoregressive components (θ day , θ week and θ month ) for daily, weekly and monthly volatilities are all significantly different from zero at 5% level of significance. In other words, this findings support the presence of heterogeneous market hypothesis where the markets consist of non-homogeneous market participants with different time horizon investments preferences. For the risk premium (risk-return tradeoff) coefficient, θ 1 , all of them indicated positive correlation between the volatility and the negatively expected return (since the logarithmic volatility is in negative values). This shows that the higher risk market should offered higher return in order for the investors to hold it. For negatively FIGURE 2. Index level and return series for S&P 500 asymmetric volatility for realized volatility, the coefficients α 2 , are all significant at 5% level of significance. Therefore, it is necessary to consider the GJR-GARCH modeling for volatility of multipower variation volatility. For skewness of the multipower variation volatility innovations, the coefficient ks are all positively skewed. For the peakness of the innovations, all the tail parameters, vs exhibited fatter tails than normal distribution. In other words, the innovations are leptokurtic and positively skewed than a standardized normal distribution. For the diagnostic section, all the models failed to reject the Ljung-Box serial correlations for standardized and squared standardized innovations under the null hypothesis of serially uncorrelated series. However, only the RV-model for both HAR-GJR-GARCH normal and skewed-t are rejected at 10% and 5% level of significance, respectively, for standardized innovations. This indicated that the RV representation does not fully statistically fit well in the introduced models. The misspecification may cause by the noisy data. On the other hand, the BV, TV and QV models fit well in the model specification tests under the multipower variation volatility specification. For model selection, overall the HAR-GJR-GARCH skewed-t models are outperforming the normally distributed models for the same volatility representation. There is a great improvement in terms of information criteria (AIC, BIC and SIC) when shifted from RV to BV, TV and QV. In short, the jump-robust realized volatility representations are out-performing the standard realized volatility in the insample forecast evaluations. However, good out-of-sample forecasts (Hong et al. 2004 ) are affected by factors such as over-parameterization issue and unforeseen structural changes in the series.
OUT-OF-SAMPLE FORECAST EVALUATIONS
In order to provide an objective out-of-sample forecasts evaluation, the latent volatility is alternately represented by RV, BV, TV and QV. Overall there are four models under the model specifications of HAR (MPV)-GJR-GARCH skewed-t are evaluated by MSE, MAE, HMSE and HMAE, respectively. The out-of-sample 100 one-ahead forecasts are based on a rolling sample of 1246 trading days. Each estimated parameter vector (t) 
) is re-estimated every day for 100 one-day-ahead forecasts. A simple scoring approach is used by granting 4 points for the best model and 1 point for the worst model. The score under the four different volatility proxies will be added to a final score for the ranking purposes. Table 4 and Figure 5 reports the forecast evaluations and plots for all the MPV models.
Overall, the higher power variation volatilities (BV, TV and QV) have shown better scores except when the RV acted as the proxy for latent volatility. This is an expected outcome because the RV series has much more noises than BV, TV and QV where an averaging process has been implemented on the accumulated consecutive returns. This can also be observed from the higher standard Patton (2011) where the ranking is consistent no matter what type of proxies are used in the evaluations.
To conclude this study, we have conducted a valueat-risk measurement (Jorion 2006 ) for a one-day horizon forecast using the tripower variation (TV) volatility specification. In order to determine the VaR, one needs the forecasted return and the parametric distribution assumption of the return. For this illustration, we have fitted normal and student-t distributions (degree of freedom v = 5.704675) to the return series. Based on the HARX(TV)-GJR-GARCH skewed-t model, the long position single market q% quantile VaR of one-day horizon is VaR student-t (1) = capital × , where t v and represent the p-th quantile of a student-t distribution with tail parameter v, and the forecasted volatility for tripower variation, respectively. For long position investors, they buy a stock, hold it while it appreciates and eventually sell it for profit. They encounter risk when the price of the stock decreases. Thus, long financial position investor concerns about the left tail distribution of the asset return. For comparison, we also computed the normally distributed VaR with the similar derivation VaR NORMAL,t (1) = capital × For example, suppose that an investor holds a long position of S&P 500 with a capital of $1 million. The 1% quantile for one-day ahead for both the normal and skewed-t distributed return series are as computed as follows:
It is understood that the negative sign signifies a loss which located at the left tail distribution. For normally FIGURE 5. 100 one-day-ahead Forecasts for multipower variation volatility distributed returns, the VaR with probability 0.01 is 0.010256 × $1,000,000 = $9531 whereas the VaR for student-t return recorded a loss of $13727. These results showed that with probability 99%, the potential loss of holding this position for the next day (1 day horizon) is $9531 and $13727 for both the series. It can also be found that the assumption of normally distributed returns has encountered the issue of underestimating VaR.
CONCLUSION
This study introduced HARX-GJR-GARCH skewed-t model in estimating and forecasting multipower realized volatility for the S&P 500 index. The multipower realized volatility, namely the Bipower, Tripower and Quadpower realized volatility are robust to abrupt-jump in the financial time-series. In the in-sample forecast, the negative relationship between various realized volatility and its volatility are captured by the GJR-GARCH specification. It is also been shown that the various realized volatility are heavy tailed and slightly skewed to the right under the skewed student-t distribution fitting. The empirical findings found that there is a significant improvement under the three information criteria model selections for the BV, TV and QV specifications. Similar in out-of-sample forecasts evaluations, the BV, TV and QV is superior to the RV specification in four error measurements. As a conclusion, this study provides an alternative approach to deal with high volatile market's volatility forecast as well as market risk determination. In addition, the usage of various realized volatility in this analysis can provides better accuracy in the market risk and portfolio hedging determination for single or multi-assets investment.
